Squeezing of collective atomic spins has been shown to improve the sensitivity of atomic clocks and magnetometers beyond the standard quantum limit. In typical experiments the atoms act as pseudospin-1/2 particles and squeezing results solely from spin-spin correlations. Here we implement a high quality quantum nondemolition (QND) measurement and generate ≥ 4 dB of metrological squeezing for a physical angular momentum made from the large internal spins of complex multilevel atoms. Squeezing by QND measurement has the potential for significant enhancement though combined internal-collective spin control, and sets the stage for experiments on quantum feedback, deterministic squeezing, and closed-loop magnetometry.
Quantum control on multiple scales, from single particles to complex many body systems, is integral to quantum information science. Examples range from digital quantum computing and analog quantum simulation to quantum metrology and sensing. For metrology and sensing applications, a rapidly growing body of work has focused on the generation and use of squeezed collective spin states to improve the performance of atomic clocks, atom interferometers, and magnetometers [1] . Recent experiments have shown that significant gains are possible in the near term, with demonstrated improvements of up to 20 dB in the sensitivity of microwave spectroscopy relative to the standard quantum limit [2, 3] .
Squeezing of collective atomic spins have typically been generated either through dispersive interaction with a shared mode of quantized light [2] [3] [4] [5] [6] [7] , or by state dependent collisions in a quantum gas [8] [9] [10] [11] . With few exceptions [4, 10] these experiments have used complex atoms such as Rb or Cs, and the relevant interactions have been designed to ensure that each atom behaves, as far as possible, as an effective pseudo-spin-1/2 particle in its electronic ground state. In that case squeezing of the collective spin results solely from pairwise correlations between individual spins, and experiments can largely sidestep the complexities of quantum control within the large hyperfine manifolds that are characteristic of alkali atoms.
In this letter we show that quantum backaction from a dispersive quantum nondemolition (QND) measurement can produce ≥ 4 dB of metrologically useful squeezing of a collective angular momentum formed by the physical angular momenta of individual Cs atoms in the 6S 1/2 (f = 4) hyperfine state. Our measurement is implemented by detecting the spin-dependent Faraday rotation of an optical probe beam during a single pass through the atomic ensemble. For hyperfine spins f ≥ 1, this is generally far from an ideal QND scenario because of probe-induced rank-2 tensor light shifts that drive nontrivial evolution of the individual spins; this has been a major obstacle for squeezing of collective angular momenta in the past [12, 13] . We show that the QND and nonperturbing character of the Faraday measurement can be effectively recovered through the use of a two-color probe, with components detuned relative to the Cs D1 and D2 lines in such a way that their Faraday rotation signals add constructively while the tensor light shifts cancel. The observed degree of squeezing is in good quantitative agreement with a model that properly accounts for the relevant atomic physics and collective spin mode, thereby validating a considerable body of theoretical work. Finally, the elimination of tensor light shifts in principle frees us to manipulate the individual hyperfine spins in ways that can enhance the entangling power of the QND measurement and maximize the overall metrological advantage. Prior theoretical work from our collaboration suggests that significant additional squeezing and as much as 10 dB improvement in the sensitivity of atomic magnetometry might be achieved given sufficiently accurate hyperfine spin control [14] .
A schematic of our experiment is shown in Fig. 1 . The atomic ensemble consists of ∼ 10 6 Cs atoms prepared in the 6S 1/2 (f = 4) hyperfine manifold and held in an elongated dipole force trap. The optical probe is a linearly polarized TEM 00 spatial mode laser beam doing a single pass though the atom cloud, after which the spindependent Faraday rotation is measured with a shotnoise limited polarimeter. The coupled spin-probe system is governed by a HamiltonianĤ = ΩF z + χF zŜ3 + H (2) , whereF z is in units of , and the three terms represent the interaction with a bias magnetic field, the Faraday interaction, and a small but important tensor interaction which we will set aside for now and return to below. The magnetic and Faraday interaction terms commute and the former has no effect on the latter. Ac- Measurement strength r in units of rmax for 2-color probing versus relative powers and detunings for the j = 1/2 (D1) and j = 3/2 (D2) components, for ∆ 3/2 = −580Γ 3/2 . (c) Cancellation of tensor light shifts, showing decay of the mean spin due to optical pumping (black), optical pumping plus tensor light shifts (blue triangles), and optical pumping with 2-color cancellation of the tensor light shift (red circles).
cordingly, in what follows we will refer to spin observables in the rotating frame. For a single color probe this scenario is well studied and we give only a brief summary of the most important aspects; the reader is referred to the literature [13, [15] [16] [17] [18] for more detail.
The Faraday interaction χF zŜ3 couples the 3-component of the probe Stokes vector to a collective spin modeF z = n β(r n )f
z , where the weights β(r n ) = I(r n )/I max are given by the intensities seen by the atoms relative to the peak intensity at the probe waist, and where the quantity N 1 = n β(r n ) is an effective atom number defined such that F = N 1 f . The strength of the coupling is characterized by the polarization rotation angle χ = −C (1) (σ 0 /A)(Γ/2∆), where σ 0 = 3λ 2 /2π is the resonant scattering cross section for unit oscillator strength, A = πw 2 0 is the characteristic probe cross section, Γ is the natural linewidth of the atomic transition, and ∆ is the detuning from resonance.
We configure the experiment such that the input Stokes vector lies along the 1-axis and the polarimeter measuresŜ 2 . Note that for a traveling wave probe the Stokes vector components are related to photon flux rather than photon number. Thus, for weak Faraday interaction, the input-output relation isŜ
1 , andṄ L = P/ ω is the photon flux in a probe of power P and frequency ω. Integrating the polarimeter output for a time T measures an observableM = ω(
, where the two parts correspond to probe shot noise and the Faraday signal, respectively. In principle there is also a contribution toM from the tensor interactionĤ (2) , but this is already small for the probe detunings considered here and averages to zero in the rotating frame [13] . The backaction from a measurement ofM is quantified by the measurement strength r = ∆M
2Ṅ L T are the contributions to the overall measurement variance ∆M 2 from spin quantum projection noise (PN) and probe shot noise (SN). In the absence of atom loss and decoherence from optical pumping, measurement backaction would produce a spin squeezed state (SS) with PN reduced by a factor 1/(1 + r). A more relevant measure is the so-called metrological squeezing,
CS , defined as the improvement in sensitivity relative to a spin coherent state (CS) when measuring small rotations [19] . Loss and decoherence will affect the PN and mean spin on a time scale set by the characteristic photon scattering rate γ, which limits the useful measurement time to T ∼ γ −1 . For alkali atoms and large detuning one finds that χ 2Ṅ L ∝ γ, and the minimum value of ξ 2 m becomes independent of probe power and detuning, and also whether one probes near the 6S 1/2 → 6P j=1/2 (D1) or 6S 1/2 → 6P j=3/2 (D2) transition.
Beyond loss and decoherence, metrological squeezing in our system is strongly affected by the atom-probe tensor interaction. Because the tensor polarizability has negligible effect on the probe polarization it can be effectively modeled as a single-atom tensor light shift. For linear probe polarization along x this takes the form
, where the magnitude of the light shift, V (r n ), depends on the atomic transition, the local probe intensity, and the detuning. Note that [Ĥ (2) ,F z ] = 0, which means the tensor interaction compromises the QND character of a spin measurement via the Faraday interaction. In [20] a QND measurement was recovered, on average, by rapidly alternating the probe between x and y polarization. We similarly recover an (imperfect) QND measurement by adding a bias field along z, in which case the effective tensor light shift in the rotating frame takes the form H
RF ,F z ] = 0 [12] . This turns out to be insufficient when working with spin-f ≥ 1 atoms, for which a Hamiltonian of this type will drive complex dynamics of the internal atomic spin [13] in a manner that is inhomogeneous across the ensemble and cannot be undone by standard dynamical decoupling techniques. The result is a rapid collapse of the mean spin that interferes with the QND measurement and prevents any significant degree of metrological squeezing.
In our experiment we minimize the overall tensor light shifts with a two-color probe that has components near the D1 (j = 1/2) and D2 (j = 3/2) transitions; from here on we label with j any quantity that differs between the two transitions and associated probe fields. For alkali atoms at detunings much larger than the excited state hyperfine splitting, we have
Thus, when the detunings ∆ 1/2 and ∆ 3/2 have opposite sign the Faraday signals add constructively and the tensor light shifts counteract each other. Exact cancellation occurs when C
3/2 V 3/2 (r n ); this can be accomplished for a range of powers and detunings of the D1 and D2 components.
Maximizing the measurement strength brings further constraints. The measured observable is nowM =
and ∆M . Finally, in analogy to single-color probing, the metrological squeezing will peak for a measurement time T ∼ ( j γ j ) −1 . As outlined in the Supplemental Material, it is straightforward to numerically calculate both the measurement strength and the tensor light shift for arbitrary powers and detunings. Experimentally, we have found a sweet spot around ∆ 3/2 = −580Γ 3/2 (−3.0 GHz) where both probe absorption and scalar light shifts are negligible. Given this choice, Fig. 1b shows the variation in the measurement strength r for a two-color probe relative to r max for a single-color probe, as a function of the ratios ∆ 1/2 /∆ 3/2 and P 1/2 /P 3/2 . We find a broad maximum with r 2 ≈ 0.95r
, in which case the tensor light shifts cancel out for probe powers
Cancellation of the tensor light shift can be quantified experimentally by measuring the decay of the mean spin as a function of time. To determine the baseline behavior for single-color probing, we first prepare the collective spin in the state |F, M z = F and measureF z as a function of time T . Because we start in an eigenstate of the light shift Hamiltonian, any decay of F z is entirely due to optical pumping which sets the fundamental limit. To determine the worst-case effect of tensor light shifts we next do a variant of the first experiment, in which we rotate the spin to point along x, turn on the probe for a time T , then rotate the spin back to point along z and immediately measureF z . Finally we repeat the second experiment with a two-color probe chosen such that the tensor light shifts cancel. Figure 1c shows how this plays out with probe parameters for which peak metrological squeezing occurs with back-to-back measurements of T ≈ 100 µs each. Notably, at 200 µs the mean spin has decayed to 94% of its initial value due to optical pumping alone; to 62% when subject to tensor light shifts, and to 88% when using a two-color probe and achieving near-perfect tensor light shift cancellation.
With the two-color Faraday QND measurement in place, the observation of spin squeezing is relatively straightforward. The basic sequence begins by preparing the individual atomic spins in the state |f, m z = f through a combination of optical pumping and selective removal of atoms in other states. This is equivalent to preparing the collective spin mode in |F, M z = F , where F = N 1 f and the effective atom number can be found from a measurement ofF z . We next apply a radiofrequency pulse at the bias Larmor frequency Ω = 800 kHz that rotates the spin by 90
• around y. The result is a close-to-minimum-uncertainty CS aligned along x, which is the starting point for squeezing. At this point we turn on the optical probe and record the output of the polarimeter for several ms. Integrating the measurement record from t = 0 to T then yields a measurement of the observableM . Repeating the sequence at least 100 times allows us to estimate ∆M 2 , and doing the same without atoms in the trap gives an independent estimate of ∆M 2 SN . Figure 2 shows a typical data set consisting of estimates for ∆M 2 at T = 120µs, for a range of effective atom numbers N 1 . We fit the data according to
2 , where the three terms correspond to SN, PN, and "classical" projection noise (CN) resulting from errors in the rotation that puts the CS along x. For this data set ∆M 2 PN exceeds ∆M 2 SN by 5.3 dB at the largest N 1 , corresponding to a measurement strength r = 3.4. In the absence of losses or decoherence this value implies a post-measurement reduction of projection noise (PN and CN combined) to a level 6.4 dB below the CS. However, that is not a good approximation given a characteristic photon scattering rate 1/γ ∼ 35 µs for this data set. Also shown is a similar data set when the initial state is a maximally mixed (thermal) spin state, for which the PN is a factor of 10/3 larger than for the CS. The spherical symmetry of this state means there is no CN, and because the state is already maximally mixed it is not affected by optical pumping during the measurement. The maximally mixed state is prepared as in [21] , and serves as a very robust calibration of the PN seen in the experiment.
Squeezing by measurement backaction is inherently non-deterministic, and applying it to metrology or sensing requires two successive measurements, one before and one after the spin-rotation of interest. Thus, a common measure of the metrological advantage is based on the conditional variance of back-to-back measurementsM 1 andM 2 [7] ,
As defined, this metrological squeezing parameter accounts for squeezing of the conditional variance, as well as the injection of PN and loss of mean spin that occurs due to atom loss and optical pumping. To estimate the conditional variance from experimental data, we first relate it to the covariance, ∆(
, and then estimate cov(
directly from sets of measurement records that we separate into two sections of length T . Finally, the reduction in mean spin during the first measurement is obtained from the data in Fig.  2 . Figure 3 is a typical data set showing ξ 2 versus T , attaining a metrological squeezing of 4 dB to 4.5 dB at just below 100 µs.
Finally, our experiment offers a unique opportunity to validate the predictions of a full, quantitative model of Faraday interaction-based quantum measurements of collective atomic spins (Fig. 3b) . We employ a firstprinciples stochastic master equation (SME) that includes both the effect of measurement backaction and a complete description of optical pumping [15, 22] . Such a model is faced with three complicating factors: (i) complex many-body dynamics; (ii) spatial inhomogeneities in the probe intensity and atomic density; and (iii) the complex internal hyperfine levels. Given the modest coupling strength achieved here, the many-body state is well approximated as a Gaussian state, described simply by a set of one-and two-body correlations [22] [23] [24] , the former describing the mean-spin and the latter the spinspin correlations. We address inhomogeneity as in [15] by projecting into a basis of Laguerre-Gauss and longitudinal spatial modes. Finally as in [22, 24] we restrict the internal dynamics by treating each atom as a qutrit, | ↑ , | ↓ , |T . For the initial CS preparation we have | ↑ = |f = 4, m x = 4 , and the Faraday interaction leads to entanglement dominantly with | ↓ = |f = 4, m x = 3 . Optical pumping also couples | ↑ → | ↓ and | ↓ → |T = |f = 4, m x = 2 ; the latter is important to account for transfer of coherence [14] . As described in [22, 24] and the Supplemental Material, we use the SME to obtain a closed set of one-and two-body correlations functions in this truncated basis, projected into the basis of spatial modes. These are numerically integrated to generate both a direct theoretical prediction of the spin squeezing parameters as a function of time, and a simulation of the noisy polarimeter signal M (t). When analyzed the same way as experimental data, the latter predicts a degree of metrological squeezing in excellent agreement with the experiment, given realistic uncertainties about the atom cloud size and probe geometry.
Looking ahead, a clear next step is to demonstrate that the observed squeezing conveys an actual metrological advantage when detecting a small spin rotation inserted between the back-to-back measurements. Residual background magnetic fields of a few tens of µGauss prevented us from doing so with the unshielded experimental setup used here. We are currently rebuilding the experiment inside a magnetic shield that will suppress ambient fields by a factor ≥ 10 4 from DC to 50 kHz. With this in place we expect to realize the full metrological gain both in broadband AC magnetometry near the bias Larmor frequency, and in near-DC magnetometry without a bias field. Having solved the problem of tensor light shifts there are additional avenues to explore, including combined internal-collective spin control [14] , and long-standing ideas related to continuous measurement and real-time feedback for deterministic squeezing and closed-loop magnetometry [25, 26] .
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The main text uses a simplified notation to avoid unnecessary complexity resulting from the hyperfine structure of the Cs 6P 1/2 and 6P 3/2 excited states. We begin this supplement with the details of the relevant atomic physics as laid out in [1] , and define the specific parameters used in the current work, e.g., Faraday rotation angles, light shifts, scattering rates, etc.
A. Atom-light interaction
The atom-laser light-shift interaction is characterized by a series of effective tensor coefficients C (K) j , for irreducible rank K = 0, 1, 2 scalar, vector, and tensor interactions, respectively. We define
where primed and unprimed quantum numbers refer to electronic excited and ground states, respectively. The individual detunings ∆ j f f := ω j − (E j f − E jf )/ are with respect to the 6S 1/2 (f ) → |6P j (f ) transitions, and we define the effective detuning ∆ j with respect to the 6S 1/2 (f = 4) → |6P j (f max ) transition. Expressions for the coefficients C (K) j f f can be found in Appendix A of reference [1] .
The vector light-shift leads to Faraday interaction, where we have defined the characteristic Faraday rotation angle as
Here Γ j = For x-polarized light, the irreducible rank-2 tensor light shift for an atom at position r n , where the local laser electric-field amplitude is E L,j (r) and intensity I j (r n ), isĤ
where Ω j (r n ) = −d j j E L,j (r n )/ is the Rabi frequency, and I sat,j is the saturation intensity for unit oscillator strength. The characteristic photon scattering rate is
≈ 1 for detunings much larger than the excited state hyperfine splitting.
B. Measurement
For a single-color probe tuned near the 6S 1/2 (f = 4) → |6P j transition the measurement strength is
arXiv:1811.02519v1 [quant-ph] 6 Nov 2018 whereṄ j = P j / ω j is the photon flux, and we have defined η j := ω j χ j Ṅ j and κ j := ( ω j ) 2Ṅ j . Choosing T j ∼ 1/γ j we get a measure for the largest useful measurement strength,
Considering now a two-color probe with components close to the 6S 1/2 (f = 4) → 6P 1/2 and 6S 1/2 (f = 4) → 6P 3/2 transitions, respectively, we have
In this case the useful measurement time is given by the combined scattering rates, T 2C ∼ 1/(γ 1/2 + γ 3/2 ). Substituting and rearranging, we get
and finally an expression for the useful measurement strength in units of its maximum value,
Using the effective Faraday rotation angles and scattering rates defined above, it is then straightforward to numerically calculate r/r max . Fig. 1b in the main text shows how this quantity varies as a function of the relative probe detunings and powers, for ∆ 3/2 = −580Γ 3/2 .
II. THREE-DIMENSIONAL MODEL FOR CONTINUOUS TWO-COLOR POLARIMETRY
We model the spin squeezing in our experiment via a first-principles stochastic master equation that accounts for both measurement backaction and optical pumping in the interaction of the laser beam with the atomic cloud, followed by detection in the polarimeter. This model builds on the work of Norris and Baragiola [2, 3] , and we refer the reader to previous references for much of the detail. Such a model is faced with three complicating factors: (i) complex many-body dynamics; (ii) spatial inhomogeneities in the probe intensity and atomic density; and (iii) the complex internal structure of hyperfine levels. We tackle (i) using the Gaussian approximation, tracking only one and two-point correlation functions, which is an excellent approximation in the weak coupling regime. In [3] (ii) was addressed by incorporating the three-dimensional character of the cloud and the light, which results in the inhomogeneous scattering of the light into a superposition of transverse modes. In [2] (iii) was addressed by the using of encoding into qutrits, which captures the essential quantum correlations. The model in (iii) employed a simplified model of decoherence, applicable when the probe detuning is large compared to the excited state hyperfine splitting. Here we unify (i), (ii), and (iii), and include a full decoherence model, appropriate for our two-color probe geometry. The model described here includes all the details on the relevant atomic physics, local and collective decoherences, continuous measurement effects, and the inhomogeneities in the atomic cloud and the probe, and it gives a reliable description of the experimental spin squeezing generated at early times.
A. Light-shift interaction
For low saturation, the atom-light interaction is described by the light shift Hamiltonian which can be decomposed into irreducible scalar, vector, and tensor parts [1] . The scalar interaction does not drive dynamics, and the irreducible tensor interaction, H (2) in Eq. (3), is cancelled using two probe lasers, one detuned near the D1-line (6S1/2 → 6P 1/2 transition) and the other near the D2-line (6S1/2 → 6P 3/2 transition), as described in the main text. The remaining nontrivial term is the irreducible vector light-shift. Taking the direction of propagation of the laser by as the z-direction, the vector lightshift couples each the atomic spin operatorf z to theŜ 3 Stokes component of the field giving to the Faraday interaction. For the two-color laser probeŝ
where χ j is given in Eq. (2). Here and throughout we assume that the atom is prepared in the f = 4 hyperfine manifold of the 6S 1/2 electronic ground state.
In the presence of the probe beams each atom also undergoes optical pumping. We track optical pumping with magnetic sublevels in the f = 4 manifold, which dominantly couple to the probe; optical pumping into the f = 3 hyperfine manifold is treated as loss. The dynamical map that describes optical pumping for a single atom is then [1] 
whereĤ j loss is the anti-Hermitian part of the light shift leading to absorption, and the jump operators are given aŝ
which arise from absorption of a laser photon with polarization L and emission of a photon with polarization q (labeling elements of the spherical basis). The operatorsD j † f f are dimensionless raising operators from ground to excited sublevels, defined in [1] . The local photon scattering rate for a laser tuned near the j resonance for a unit Clebsch-Gordon coefficient strength is γ j (r) = [I(r)/I j ,max ]γ j .
In the experiment a strong bias magnetic field is applied along the probe propagation direction. Since the Larmor precession frequency is large compared to the scattering rate, we make a rotating-wave approximation by performing the average over a Larmor cycle,
B. Geometry of the atomic cloud and probe light
Atoms in the cloud experience a Faraday interaction and optical pumping proportional to the local intensity, which varies across the ensemble according to both the cloud density and the spatially varying probe. We account for spatial inhomogeneities by projecting into a basis of spatial modes, using an extended version of the model introduced in [3] .
The distribution of atoms in the optical trap is described by a Gaussian density
where w 2 ⊥ and w 2 z are e −2 variances along the perpendicular and parallel directions to the probe, respectively, and η 0 is the peak density at the center of the cloud. The total number of atoms is N A = dz d 2 r ⊥ η(r). Each probe is a linearly polarized, paraxial TEM 00 beam with electric field E L,j (r ⊥ , z) = e x E L,j u 00 (r ⊥ , z), where e x is the probe polarization, E L,j is the peak electric-field amplitude, and u 00 (r ⊥ , z) is the fundamental Laguerre-Gauss (LG) spatial mode. The transverse LG spatial modes are dimensionless and orthonormal:
where A is the transverse beam area.
We decompose the probe light collectively scattered by the atoms into the basis of transverse LG modes. Each paraxial mode of light in the far field (at the polarimeter) is coupled via the Faraday interaction to a collective spin wave defined across the atomic ensemble,
Here, r n is the position of the atom, and the complex-valued weighting coefficients, β pl (r) = u * pl (r ⊥ , z)u 00 (r ⊥ , z), can be interpreted as the absorption of an e x -polarized probe photon in the fundamental 00-mode followed by emission of a e y -polarized photon into the pl-mode. The polarimeter measures in the 45
• polarization basis, selecting the e y -polarized scattered light in the fundamental 00-mode (the Faraday rotation signal) via homodyne-type detection, with the large-amplitude probe serving as the local oscillator. The result is that the polarimeter performs an effective measurement of the fundamental spin waveF 00 z , referred to in the main text for brevity asF z .
C. Stochastic master equation
In the infinitesimal limit the differential signal from the polarimeter is described by
where the first term is the Faraday rotation signal from the light scattered into the spatial mode of the probe, and the second is the shot noise from the probe described by the Wiener process dW . The continuously monitored polarimetry signal can be used to provide a conditional update of the collective atomic state using a stochastic master equation. For twocolor probing, the dynamics of the collective atomic state, ρ C , is governed by the stochastic master equation [3] ,
The conditional dynamics from the continuous polarimetry measurements are described by the first two terms, with the superoperators defined as
The first term, H pl [ρ C ], drives the conditional dynamics that depend on the measurement signal, and the L 00 [ρ C ] term describes the associated backaction. The other terms, L pl [ρ C ] for pl = 00, give the additional collective decoherence from unmeasured forward-scattered light in other spatial modes. The effective measurement rate
is composed from the measurement rates for each probe,
whereṄ j is the photon flux in the probe tuned near the |6P j resonance. The final term in the SME describes the effects of local optical pumping as individual atoms diffusely scatter photons proportional to their local scattering rate γ j (r) = [I j (r)/I j ,max ]γ j = β 00 (r)γ j . The effect of local optical pumping on spin squeezing will be described in the following sections.
D. Multilevel structure of Cesium atoms in the ensemble
For weak coupling, the many-body state of the large ensemble is well described in the Gaussian approximation, fully determined by one and two-body correlation. The dynamics of these correlations are governed by the adjoint form of the SME, Eq. (16), and form a closed set of equations that can be integrated together. In Refs. [3] the constituent atom were spin-1 2 so the collective spin operators themselves were used; here, we take into account the multilevel nature of each Cs atom. Below we present the formalism for the symmetric collective situation and describe the projection onto spatial modes for the full three-dimensional model.
We treat the internal state space of each individual Cs atom as a 3-level system (qutrit) with basis states,
This basis is chosen as follows. Initially, each atom is optically pumped into "fiducial" the internal state, |↑ . The QND measurement, following the Faraday interaction, is dominated by symmetrically entangling atoms in |↑ with atoms in the "coupled state," |↓ . We include the "transfer state," |T , to account for transfers of coherence that occur due to partial indistinguishability of scattered photons during optical pumping [4] . In principle one could continue this process and construct an complete "Faraday basis" for the internal state of a single Cs atom. For weak coupling, three states suffice. Using this truncated Hilbert space, atoms optically pumped to the f = 3 manifold are lost as are atoms that exit the qutrit subspace within the f = 4 manifold. These effects are accounted for by projecting the Faraday interaction and optical pumping map into the qutrit basis.
F. Collective operators
In order to calculate the spin squeezing parameter and generate simulated experimental polarimeter signals, Eq. (15), we require the collective spin moments F x , F z and ∆F 2 z . These moments are decomposed in terms of collective population and coherence operators, defined over the qutrit subspaces the atoms,
where the single-atom operators arê
with {i, j} ∈ {↑, ↓, T } and j > i inx ij to avoid redundancy. The collective spin operatorsF x andF z that appear in Eq. (38) relate to these operators in the following way [2] ,F
where the coefficients v ↑ := (∆f 2 z ) ↑ and w ↑ := 2(∆f 2 z ) ↓ − 2(∆f 2 z ) ↑ depend on single-atom variances off z under |↑ and |↓ [2] . This gives for the variance, 
where ∆Â :=Â− Â . Equations (24) are appropriate for short times (several photon scattering times) when the majority of the population resides in the fiducial state and little is lost outside the qutrit subspace.
G. Equations of motion for the spatially inhomogeneous collective operators
We combine the three-dimensional model with the multilevel description of the spin-4 Cs atoms and present the coupled set of equations for the collective operators. As discussed in detail in Refs. [2, 3, 6] , in order to account for the local optical pumping, we divide z-direction (along the probe's propagation) into coarse-grained longitudinal slices of width ∆z. Then, within each longitudinal slice the collective operators are projected into the set of transverse LG modes. This approximate longitudinalmode decomposition improves as ∆z decreases.
A single-body collective operator labeled by the transverse pl-mode decomposes longitudinally aŝ
whereÔ pl (z k ) = n k β pl (r n k )ô (n k ) , with this sum running only over those atoms in the longitudinal slice centered at z k with width ∆z. The collective, fundamentalmode spin operators that contribute to the polarimeter signal, Eq. (15), and spin-squeezing parameter, Eq. (38), are single-body and decompose spatially aŝ 
